ISRAEL JOURNAL OF MATHEMATICS, Vol. 51, No. 4, 1985

UNCOUNTABLE CONSTRUCTIONS FOR B.A.
e.c. GROUPS AND BANACH SPACES

BY

SAHARON SHELAH'
Department of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel;
Department of Mathematics, University of Wisconsin, Madison, Wisconsin, USA ;
and Department of Mathematics, University of California, Berkeley, California, USA

ABSTRACT

This paper has two aims: to aid a non-logician to construct uncountable
examples by reducing the problems to finitary problems, and also to present
some construction solving open problems. We assume the diamond for N, and
solve problems in Boolean algebras, existentially closed groups and Banach
spaces. In particular, we show that for a given countable e.c. group M there is
no uncountable group embeddable in every G L. -equivalent to M; and that
there is a non-separable Banach space with no R, elements, no one being the
closure of the convex hull of the others. Both had been well-known questions.
We also deal generally with inevitable models (§4).

§1. The general principle

DEerNtTION 1.1, (1) We call K a nice family if:

(a) K is a family of f.g. models of fixed language (signature).

(b) K is closed under isomorphism (i.e. M = N, N € K implies M € K) and
taking f.g. submodels.

(c) Each M € K is countable and the signature is countable and K has, up to
isomorphism, N, members.

(2) K is a very nice family if in addition:

(d) K has the joint embedding property (i.e., if M,, M, € K, then for some
N € K there are embeddings fi: M,— N, 1 =0,1).

(e) K has the amalgamation property (i.c., if M C M, (I = 1,2) then there is N,
M C N and embeddings f; of M, into N over M, i.e. fi| M = the identity).
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ReMaRrk. If K is nice and has the amalgamation property, then it is the
disjoint union of very nice classes.

DEeFINITION 1.2. (1) R is called K-nice if

(a) K is a nice family.

(b) R is a set of triples of the form (M, N, a), such that M C N are in K, and
a €E N—M. We write (M,N,a)& R or R(M,N, a) holds.

()If MCM'€K and (M,N,a) € R then there are N',f such that M'C N’
and f is an embedding of N into N’ over M, f(a) € M’, and R(M',N',f(a))
holds.

(d) R is not empty.

(2) R is K -very nice if in addition R(M, N, a), N C N'implies R(M,N',a).

REMARK. The intuitive meaning of R(M, N, a) is that in some uncountable
M* M C M?*, there are uncountably many a' € M* “similar” to a over M.

DerFniTION 1.3, For a nice family K let
K'={M :every f.g. submodel of M is in K}
(equivalently, M € K' is a direct limit of members of K),

K" ={MEK1:if My,C Ny, No€EK, MyC M, and M, € K then we
can embed N, into M over M.},

K*\)=K;={M€K":|M||=A} forx=1H.

DEerINITION 1.4, For M C N in K' R(M, N, a) means: for every f.g. NoC N
there are f.g. N,,M, such that NoCN,CN, NNONMCM,CN/ NM, and
R(M.,N,.a) holds.

DerNTioN 1.5, (1) A candidate M is a sequence of the form
(My,....My,axr,...,a,) such that R(M;,, M., ,a) holds for I <k (hence
M,CM,C - CMi, & €M —M,) and each M, in K. So M' will be
(ML,...,Mi,ak,...,ab) etc. We denote k by k(M), and M. (or |M,|) by
dom (M).

() If M,M' are candidates then M = M’ means k(M)=k(M') and a, = a}
(for | <k(M)) and M, C M| (for I =k). Also M =*M’ means there is a
one-to-one monotone function h from {0,...,k(M),...} into {0,...,k(M"),...},
such that @, = a}y,, M, C Mjy,. Clearly those are partial orders and M=M
implies M =*M'.

(3) We call M an M*-candidate if M, C M*. “An embedding of (from) M”
means “an embedding from M,”, b € M means b € M,, etc.
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(4) We call M,M' equivalent if k(M)=k(M'), M, =M for | =k and for

every Mk, ..., M{ the following are equivalent:
(i) M=WMx,... .M, ai-,...,a0),
() M's(Mi,.... Mg, ai-y,...,a4).

Clearly this is an equivalence relation.

(5) Let M =" M" if for some M’ equivalent to M".M =*M'. Clearly =" is a
partial order, and M="M' & M =*M’.

(6) We call f an embedding of M" into M" if for some strictly increasing h:
{0,... k(M —={0.....k(M"}, f embeds M{ into M}, f(a’)=ahq.

DEFINITION 1.6. Let M* €K', I a set of m-sequences from M*. We call
(1\71, 5) a witness for (M*,I) if M is an M*-candidate, b an m-sequence from
M,b & M, and M = M’, M’ an M*-candidate implies there is an embedding f of
M’ into M* over M}, such that f(b)E I, and b & M,."

MAN THEOREM 1.7.  Assume Oy, holds. Suppose R is K-nice. Then there is a
model M* such that:

(a) M*€ K'(N)).

(b) For any m < w and uncountable set I of m-sequences from M*, there is a
witness for (M*,1).

() M*=U,.,, M,, M, (¢ <w,) increasing and continuous, each M, is
countable, M, € K'(N,) and for some b., R(M,,M.,,.b.) holds.

(d) If M C M., R(M,N, a) then there is an embedding f of N into M* over M,
such that for some B, f(a)= bg.

(e) If K is very nice and R is K-very nice then each M,, is in K",

() My=U,...M{ and if MiC N € K, N cannot be embedded into M, over M,
then for some k > n, M{, N cannot be amalgamated over M, N € K cannot be
embedded into M, if for some k, M, N cannot be amalgamated.

PrOOF. See last section.
When applying the theorem, it is helpful to notice the following two claims:

Cav 1.8. (1) If (M, b) is a witness for (M*,I) then so is every (M',b) where
M§A7I’, M’ an M*-candidate. Moreover if M =M’ then there is an M*-
candidate M" isomorphic to M’ over M, provided that K is very nice.

(2) So applying (c) of 1.2(1), if we are given some finite A C M* we can assume
our witness (M, I;) is such that A C M,.

"Note that the last “h & M, says, in particular, that b is not in M, in a quite strong sense. In fact if
K is very nice it says: “if M = M’ then b & M,” (we could also have this taken as a definition).
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(3) In (1), M=*M' and even M ="M’ suffices.

CLAamM 1.9.  Suppose (M.b) is a witness for (M*,I), k = k(M) and N € K'
and there are embeddings f, of M into N over M, for n < a, where a < w such that:
(*) forl <k, n<a,

R({ U MU f0) (U MOV LM fol@))

or even
(*) there are N; C N increasing, f.(M,)C N -1+t such that

R(N -1yt Nianysis1- fu (@) holds (forn < a, I = k).

Then there is an embedding g of (U.f.(M))n into M* over M, such that
g(f. (b)) E I for every n.

We shall call (f,(M).f.(b)) copies of (M,b) over M.

DerFINITION 1.10. R is trivial (for K) if R ={(M,N,a):MCN, a € N- M,
M€eK, NeK}.

Cram 1.11.  Suppose K is nice.

(1) There is a unique trivial R, R+(K).

(2) R+ (K) is K-nice iff 1.2(c) holds and K has a non-maximal element. (Note
1.2(c) is a slight strengthening of the amalgamation property for K.) R+(K) is
K-very nice iff R+(K) is nice.

(3) M.M' are equivalent (for K,R+(K)), iff k(M)=k(M"), M, = M (for
[=k), and a, E(My,a}), aiE{M,,a;) (for I <k).

CoNcLUDING REMARKS. (1) We could have worked in a more general context
(e.g., the objects will be in a category of models, the morphisms may be
homorphisms), or a less general one (e.g., deal with very nice K and R).

(2) When the author lectured this in Madison 79, he took a somewhat different
approach, natural for model theory rather than for application to algebra. The
theorem says that for any countable (and consistent) T C L(Q), there is an
uncountable model M* s.t.:

(%) for any m < w and uncountable set I of m-sequences from M, there is a
witness ¢ (X, ¥,...,Z b) (b € M) which means: for any countable A C M,

ME(0x6)(370)(Ox)3F1) - (AZ € A)p(x0, Fos- -+ Xns Y, 2, b)
and if ¢ € M, and for every countable A C M,

M}=OX()3)70"'(HZ_EA)[¢(XO,)7(),...,E,5)A d/(xO,y(],...,Z-,E)]
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then for any countable A C M
M|=OX|)3)7()"‘ Ox,,3)7,,(32_ (S I)[Z_EA /\(p(X(),)ju,...,Z-,b)/\ (P(X(),)jn,...,z_,(?)].

(3) By small changes in the proof of 1.7 we can guarantee that in Definition 1.6
we can demand b€ A for any countable A C M*.

§2. Boolean algebras: the old material
Baumgartner and Komjath [1] proved

THEOREM 2.1.  Assume O(N)). There is an uncountable Boolean algebra B,
such that it has no uncountable chain or antichain, i.e., among any N, elements
there are two comparable and two incomparable (in the natural partial order of B).

Rubin [7] got stronger results, e.g.,

THEOREM 2.2. Assume O(N)). There is an uncountable Boolean algebra B,
such that among any N, elements of B there are three distinct ones a, b, ¢ such that
anb=c

DiscussioN. How does Theorem 1.7 help to prove such theorems?

By 1.7, 1.9 any problem of the form “find an uncountable mode! M* such that
among any N, elements there are » such that...” can be reduced to a problem of
amalgamation of candidates (which are finitely generated). We let K be the
family of all finite Boolean algebras and R be trivial, i.e.,

R={M,Na) MMNEK MCN,aEN—-M}.
Obviously (check the definitions):
CLam 2.3. K is very nice and R is K-very nice.

Our task is very clear. We are given a candidate M and b € M.’ For Theorem
2.1 we need to amalgamate two copies of (M, b), (M',b") (I =1,2), over M, so
that b' =b” and so that (in another amalgamation) b'.b" are incomparable.
However the amalgamation has to satisfy (x) from 1.9, which means, in our
context, that a; & (Mi,M7). As the class of Boolean algebras is a variety, if
there is such an amalgamation it is the free amalgamation of M, M over M,
(k = k(M)) with the added relevant relation (b' = b” in the first case, none in the
second).

*Of course, such that M = M'> b & M.,
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The above discussion is quite general, and we have not used the specifications
of our problem.

CiamM 2.4. Let K,R be as above. For any M, there is M', M="M', and
a €M) (I < k =*'(k(M)) such that k(M)= k(M') and:

(@) co,...,cx-1 are disjoint atoms of Mg,

(b) M'1=(Ms,ai,...,a'),

©0<ai<q.

PrROOF. Case I k=1
Remember that any finite Boolean algebra is atomic. So M,, M, are atomic.
Choose an atom ¢ of M, such that ¢ N a, & M, (there is such ¢ as otherwise

ao=U{asNc:c €M, c anatom} € Mo,

contradiction). Choose atoms ¢’,¢' of M, c°=c N ay, ¢' = ¢ — a, (exists — as
¢ Nao & M necessarily it is #0, ¢ and as M' is atomic).

Let M| = M, and M be the subalgebra of M, generated by {c' U c¢’}U{c":¢’
an atom of M, but ¢’ #c¢',c’}. Now let ¢o=c'Uc’, afi=c' and we finish.

Case II. Any k.

Let N be a Boolean algebra with exactly k atoms ¢§,...,c%_;. Let M} be the
free product of M; and N. So clearly M =M* and ¢iNa,— U, ck & M%.
Now “below’ each ¢% we repeat the previous argument. For each [ choose an
atom c¢{ of M% such that ¢! =c*%— U,..ic% c!Na & M%. Then choose atoms
ci,ciof Mt such that c;=c!, ¢ci=c!,ci=ciNa, ci=cl—a.

Let ¢ =c;Uc; for I <k.

Let M., be the subalgebra of M} generated by {c:c an atom of M} but
c#ci,cifor m =1<k}. Itis easy to check that M' = (M%,...,M¥%. ci_1,...,c0)
and co,..., -, satisfy the conclusion of the claim.

Let us return to the theorems.

PrOOF OF THEOREM 2.1. Follows by 2.2 because if a N'b = ¢, a,b,c distinct
then ¢ = q, and a,b are incomparable.

PrROOFOFTHEOREM 2.2. We use 1.7 to get M*, for K, R as above. Let | C M*
be uncountable so by 1.7(b) there is a witness (M,b) for (M*,I). By 1.8(3),
1.11(3) we can assume M is as in 2.4, and for every [ <k, a =c, and
bNnce{0,a,cl

Let M', M” be two copies of M freely amalgamated over M, and define M’ by

0 1 2 0 1 0 )
a,=alﬂa,, M1=<M0,ao,...,a1—1>.
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It is easy to check that b' 0 5> = b" (b' the copy of b in M"), and that (x) of 1.9
holds, so by 1.9 in I there are distinct b",b',b* such that b' N b” = b°, as required.

In fact the above proof proves more:

DEFINITION 2.5. A Boolean algebra B is 1-Rubin if | B||= N,, and for every
uncountable I C B, there are disjoint non-zero ¢o,...,c,-;€B and ¢, €B
disjoint to them so that, for every ¢} < ¢; < ¢ (I < k), there is x € [ such that:

UcUa=x= U ciUc (soci<xNe =c))
1<k I<k

DEFINITION 2.6. A Boolean algebra B is called m-Rubin if: | B|| = 8, and for
any uncountable set of m-sequences from M there are disjoint ¢q,...,cx- and ¢k
(n < m) disjoint to them and terms

Th — Tn(X(),...,xk‘|)= U TL
<k

for n < m such that:

(@) 7. €{0,x,¢, — x, i},

(b) for every c¢i<ci<c (I<k) there are d, €B, ¢i<d, <c¢} and b=
(bo,....b._)E I such that, for n < m,

b, = T(du,...,dk_,) Uck.
DEFINITION 2.7. A Boolean algebra B is Rubin if it is m-Rubin for every m.

Rubin [7] constructs 1-Rubin Boolean algebras and investigates their proper-
ties; the author noted the generalization to n-Rubin (see [10]).

THEOREM 2.8.  Assume O(N)). Then there is a Rubin Boolean algebra.

§3. Boolean algebras with extra predicates

When we want to construct Boolean algebras of power N; with extra
properties it is sometimes advisable to expand the Boolean algebras by more
relations (or functions).

Baumgartner and Komjath proved in [1] (and Rubin [7] strengthened the
result to the best possible one):

THeEOREM 3.1.  Assume O(N;). There is a Boolean algebra B such that:

@) [ Bll=~.,

(b) among any N, elements of B, there are two comparable and two incompar-
able elements,
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() I ={a:{c:c € B,c = a} is countable} is a maximal ideal.
PrROOF. Let

K ={(B,P): B a finite Boolean algebra, P a maximal ideal of B},
R={(M,N,a)>MCN,aeN—-Mandb € P"impliesa Nb & M}.

Notice that if M €K, there is a unique atom ¢ € M such that P" =
{beM:cnNb=0}, and if (M,N,a)ER, a-cEM, anNc@&M, under this
context.

Cramv 3.2, (1) K is very nice, R is K-very nice.

(2) For any M there is M', M = M’ and for every | < k(M’), M., = (M}, a})
5.t

Let ¢, be the unique atom in M— P(M"). Then ai— ¢, € M, and M is generated
by M. co,...,c;, and co=c¢i = -+, so using 1.8(3) we will be able to assume
a;= ci— .

Proof. (1) Trivial.

(2) Among all N, M = N, My, = Niwrry choose one M* with the maximal

¥, and then maximal M%_; etc. (exists as M ';(’Aj) is finite). Suppose
M*., #(M?% a%). Let ¢ be the unique atom in M3 —P(M%),s0 1-¢, €P, so
a*—c¢ €M% If there is x € M%,,— M%, x N ¢ =0, then we can replace M} by
(M*,x) (this is allowed — check the definition of R) and we get a contradiction
to the choice of M*. If not, let dy, . . ., d.. be the atoms of M*%.;, which are = ¢,
and w.lo.g. d€ M*%.,— P(M*%.)). If m =0, a% € M7, contradiction: if m =1
then M*,,=(M?%,a%), contradicting an assumption. So m >1, w.lo.g.
aNdo#a N d, and define: M, is MY if n=1 (M%,d,) if n=1+1, M3 if
n>l+landalisa*ifn<l d;if n =1 a*, if n > [; M' contradicts the choice
of M*.

CONTINUATION OF THE PROOF OF 3.1. Totally parallel to that of 2.1, 2.2: from
any N; member elements of P(M™) there are distinct a,b,c, aNb =c.

Quite naturally Rubin has asked whether the Baumgartner—-Komjath
Theorem 2.1 implies his.

THEOREM 3.3. Assume O(N,). There is an uncountable Boolean algebra,
which is not 1-Rubin, but among any N, elements there are two comparable
elements (in fact there are a,b,c such that a N'b = c).

REMARK. In fact all conclusions of Rubin [7] on configurations for 1-Rubin
(and the parallels for r-Rubin) hold.
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Proof. Let T be the set of the following axioms (P, R one-place, two-place
predicates):
The axioms of Boolean algebras

R(xy)=x=y

Rx,y)aAx=xi sy =x—>R(x1,y1)
R(x,x)—>—1P(x)

—1R(0,1)

The intended meaning is that P will be an uncountable set exemplifying the
Boolean algebras not 1-Rubin, and R a set of intervals disjoint to P.

K ={M : M afinite model of T}.
R={MN,a)MCNMEKNEK aEN-M} (e R istrivial).

CLamM 3.4. (1) K is very nice and R is K-very nice. In fact if M C No, N1, are
in K, the free product M' of No, N, over M is in K (i.e., as a Boolean algebra it is
the free product, P(M’) = P(N,) U P(N,) and R(M')={(a,b): for some | € {0,1},
(a',b)ER(N)), M'Fa'=sa=b=b'}.

(2) For every candidate M there is M', M ="M’ such that

(i) there are atoms c,,...,c.1 of My (k = k(M")) such that a, < ¢; (I < k)
and M/ ={(My.,aj,...,a\1),
(i) k(M)=k(M"), M, = M.

B)IfMeK, c<beM, M is in K, then there are a,N,c',b’', such that
R(M,N,a),NE“c<c'<b'<bAR(c,b)".

@) If M € K, there are a,N such that R(M,N,a),NEP(a).

Proor. (1) Easy

(2) Just like 2.4.

(3) N, as a B.A,, is freely generated by M,c’,b’, except the relations
C=Ec¢'=Eb'=bh.

(4) N, as a B.A., is freely generated by N,a (remember M E—R(0,1)).

CLaM 3.5. Let M (k =k(M)) be a candidate, co,...,cc.. atoms of My,
a<c, M, =(M,,a,,...,a,1). Suppose M™ (m < n) are copies of M over M,,
and MY C N and

i) P(N)=U.,...P(MY),

(i) R(N)={(a',b'): for some m, (a,b)E R(MY), Nea=a' =b'=b},

(iii) for any I<k, m<n, al" &{c,al,...,a’""),
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@iv) for any I <k, m(1),mQ2)<n, a7 Na"®#0,
(cc—alNN(—drP)#0..
Then condition (*) of 1.9 holds.
PrOOF. Left to the reader.’

CLAaM 3.6. Let B be a finite Boolean algebra and J C B is such that:

(1) naela# 0, Uaela# 1,

(2) J ={am :m < n} is such that a, & {ao,...,ai_1).
Let M* be as in 1.7 (for our K, R).

Then for any uncountable I C B, there is an embedding of B into M* (as a
Boolean algebra) such that J is mapped into 1.

Proor. By 3.5.

Proor OF THEOREM 3.3. Immediate by 1.7, 1.9 and the previous claims.

§4. K-Inevitable models

DerFiNiTION 4.1. For a class K of models and cardinal A, M is called
K-A-inevitable if M can be embedded in every N € K, |[N||= A. For A =0 we
omit it.

REMARK. Note that M may be not in K.

Cram 4.1, If M is K-A-inevitable, K'CK, A’z A, M'CM then M' is
K'-A'-inevitable.

CLamM 4.2.  Suppose K is very nice. Then:

(1) K" has, up to isomorphism, a unique countable model M, which is not
finitely generated,

(2) My, is homogeneous and universal (for K'),

(3) M., is K" -Ny-inevitable.

DerNiTION 4.3. For K nice and R K-nice, let

K{[R]={M € K{ :for every M, € K, NoE K and a such that R(M,, N,,a)
and N, M,CNCM,|N|[=R,
there are N N" NCN' CN"CM,

*Condition (iv) of 3.5 is needed to show “R(x,x)— —1P(x)” holds in N.
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[ N"]| = Ns, and an embedding f of N, into N” over M,
such that R(N',N",f(a))

CLaM 4.4. Suppose K is very nice and R K-nice. Let

R'={(M,N,a): for some N', R(M,N',a), MC N'C N,
and M,N,N' are finitely generated).

Then R’ is K-very nice and K\[R] = K{[R'].
ProOF. Easy.

THEOREM 4.5. Assume O(N)).

If K is very nice and R K-nice then the following are equivalent:

(a) There is an uncountable K\ [R]-inevitable model.

(b) There is a candidate M and b € dom(M)— M,, k = k(M) such that for
every n:

(*). Suppose N;, N (i = nk), f.. (m = n) are such that: N; C N;C N..., f.. maps
M, into N,i+1, fu ] Mo = the identity, and R(N nist; Noksis1, fm(ar)). Then the
isomorphism type of ((fo(b),.... (bW, fo(b),.... (b)) is determined by M,b
and n and f,.(b) € N,.

Proor. By Claim 4.3 we can assume R is K-very nice, and in () of 4.5 let
N, =N..

)= (@)

Let M* be in KJ[R].

Let M be as in (b), and w.L.o.g. M, C M*. We define by induction on & < w,,
models N.C M*, N.,(I < k)and embeddings f, of dom (M) into M* such that:

(i) IN.J=Ro; a <B > M,C N, CN;, and for 8 limit N; = U, ;N,,

(ii) N, =N, C N;‘ng N..C N.;.l C+C N = N;.kg Nai,

(iii) f. embed M, into N,, and R(NL,, N1, f.(a)).
This is done by induction on «a. If we have defined for every 8 < a, it is easy to
define N, (M, for & =0, N, for a successor U,-,N; for a limit). Now we
define f.[M,, N,;, N., by induction on I Remember f, | M, is the identity.
N.o=N.. If f.IM,, N,, are defined as M* € K\ [R] there are N.,, N...1,
fo | Mis: as required (in (ii), (iii)) (see Definition 4.3).

For [ =k, Nox= Nax.

Let b. = f.(b). Now by (b), for every a(0)< -+ < a(n)< w,, the isomor-
phism type of ((buey, - - - » Buty)stss By - - - » Baiwy) depends on M, b and n only. So
the submodel of M* generated by {b, :a < w,} is K% [R]— N;-inevitable.
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ReMARK. Note {b, : @ < w} is an indiscernible sequence, i.e., for any a(0) <
- <a(n)y<o, BO)Y< - <B(n)<w there is an isomorphism f from
(baors- - - bamdrer 0010 {bsoy, ..., baedrer, flbaw) = bsr.-

(a) = (b)

We use 1.7 to build a pair of models in K< [R], with a f.g. approximation being
a pair of f.g. approximations. Formally let the language of K,L be {P,,F;:i <
in,j < jo}. Let L' ={Pi,Fj:i <iy,j < jo} (for | = 1,2) be disjoint copies of L. For
M€eK, 1 €{1,2} let M" be an L'-copy of M, i.e. IM"|=|M], (P =PV,
(Fy" = F¥ Let K' ={M"":M € K}.

Now we define L?, K"

L? =L'UL*U{P,,P,,F\,F},
P, P, monadic predicates, F;,F, monadic function symbols."
K? ={M :M an L*-model, P}, P}, are disjoint; for | = 1,2:
MiPHIL' ek Fxy,.. %)= xif {x1,...,x.} Z PY,
F. [(P¥U PYY)is the identity and for x € |M|— P}'U P, Fi(x) € P},

and we define R?, (M,N,a)ER’ if MEK’, NEK"’, a €|N|-P}UP;" and
for 1 =1,2, R(MIPI)IL,(NIP")IL' F/(a)). Easily K” is very nice and R” is
nice. Let M* be as in 1.7 for K”,R". Let M*% = (M*] P!"")IL'; we can prove
M?* € K%[N:]. We shall prove that no uncountable member of K is embeddable
to both M* ,M% . 1f g embed N into M%,|[N||=8,, NEK', leta; EN (i <)
be distinct and let I = {(g.(a:), g2(a:)): i < w:}. So by 1.7(b) there is a witness for
(M*,I), say (M,b) b =(b°,b") (so b' € P,). We can naturally define M'b' for
1=1,2. If (M',b") does not satisfy () of (b), and we have distinct ways to
amalgamate, then we shall get a contradiction. As we have said in the beginning
of the proof, R is very nice so (), is simplified (i.e. Ni=N,). Let M =
(Mi,...., M, Mo, C—1,...,Co)

So suppose that for @ = 0,1, we have n, and N, for i = nk (where k = k (M))
such that:

(@) Nia C Ni1a, fne an embedding of M| into N s ia, fma | Mo = the identity
and R (Nuk+ias Nuk+1+1.0, fm(€1)) holds.

(b) There is no isomorphism from (fou(by),. .., fo-10(b))n,, (as submodel
N,_i0) onto {fou(b1), ..., faor.1(b:))n,,, which maps fio(b') to fii(b") for I < n.

'If we allow in §1 R(M,N,a) for @ a finite sequence, K" will be simplified.
""Of course, every M € K7 is required to be finitely generated so |M |~ P}'U P}’ is a finite set.
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We can also find N.€ K(i =nk) and f.. (for m = mk) such that f..
embedded M7 into N2 and R (Nmk+12, Nk 1412, fm(€:)) holds. W.Lo.g. there is
no isomorphism from (fo.i(b'),...,fac11(b" M., 0Nt (forb),--s fao1 (B M,
which maps fi,(b') to fi2(b”) [otherwise interchange Ni;, fn: With Nig, fuol.

By Definition 1.4 w.l.o.g. N;; € K (in fact we could do this in (*),). W.Lo.g.
N.i, N are disjoint.

We can now define M %, (M, [wa’)[L, =N, forl=1,2and a*% € M*,,issuch
that Fi(a%)= f(a;) for 1 =1,2.

So we can find i, < i, < -+ - <i,_, such that for | = 1,2 there is an embedding g
of (foi(b)s-... facrs(B W, into (M*IP)I L, g(fmi (b)) = gi(a.,). We getnow a
contradiction easily.

CrLaM 4.6.  For any nice K, there is a maximal K-nice, R, i.e. for every other
K-nice R’, R'"CR. In fact R(M,N,a), M'CMCNCN' €K implies
R(M',N',a) so R is K-very nice.

ProoF. Define inductively R,:
Ro={M,N,a):MCN,aeEN-M, MeK, NEKj},

R.+1={(M,N,a):R.(M,N,a) and for every M' €K,
M C M’ there are N', f
such that M’ C N, f is an embedding of N into N’ over M,
f(a) € M' and R.(M’', N, f(a)) holds},

Rs = (N R, for § limit,

a<$

Clearly R, is decreasing, so as K has, up to isomorphism, only Ro-members,
each countable and finitely generated, for some a < w;, R. = R..: hence
B<a => R, =Rz Now R, is as required.

Now we turn to a specific application.
CLamm 4.7." Let G be a countable existentially closed group
K(G)={M : M a finitely generated subgroup of G},
R(G)=R+(K).
Then K(G) is very nice, R(G) K-very nice, and K(G)x = K(G)[R(G)].

*This is known; the way to prove it is by Zeigler’s theorem: if G is an existentially closed group, P
a recursive set of equations and inequation with finitely many parameters which is realized in some
group extending G, then it is realized in G.
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THEOREM 4.8. Assume O(N)).
For G countable existentially closed, there is no uncountable K(G)"-N;-
inevitable model.

PROOF. We shall use Theorem 4.5, of course. So let a candidate M and
b € M, — M, (k = k(M)) be given. We shall contradict (+); from 4.5(b). This we
do in two steps. So let (M',b") (I =0,1,2) be three copies of (M,b) over M.
g :M— M, is isomorphic. Now first we show there are two possibilities to
amalgamate the M} (I =0,1,2) over M, as groups, so that (b°,b',b°) are
different. The second step is to show we can have such amalgamation in K(G).

The second step is as in the proof of 4.7.

So we concentrate on the first step.

Take the free product of M4, Mi,M; over M, and call it N* For
{L1(1),1(2)} ={0,1,2} let N, be the normal subgroup of N* generated by
{gaf(c) 'giefc): ¢ € Mi}.

Notice N*/N, is not good as an amalgamation because g:(ao) € (go(Mi)U
g:(M,)). Similarly N*/N, is not. But N*/N, N N, is good as an amalgamation.

Now in N*, [bob3',b,b>'] is not the unit (being free amalgamation) ([x, y] is
xyx'y™', the commutator) but beb;' € N;, b,;b;' € Ny s0 [bob:',bib;']E NoN
Ny, hence in N*/NyN N; it is the unit.

REMARK. This kind of proof of non-uniqueness can be carried out for many
classes (we then have to replace “‘the normal subgroup generated by...” by “the
congruence relation generated by {gia)(¢) = giec):c € Mi}”.

§5. Banach spaces

Our result in this section is the following theorem. Note that 5.1(A) solved a
problem of Davis and Johnson [2] and was announced in Abstracts of the Am.
Math. Soc. 5.1(C) gave another proof of a result of [8] (but the example there has
some additional properties), and 5.1(B) solves a problem.

I would like to thank Johnson for explaining to me the problem from [2] and
how to clean up the proof from computations.

THEOREM 5.1.  Assume O(Ny).

There is a non-separable Banach B such that:

(A) Among any N, elements, one belongs to the closure of the convex hull of the
others,

(B) For every non-separable closed subspace B, of B, B/B, is separable.

(C) For any (linear bounded) operator T from B to B, there are a real number ¢
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and a (linear bounded) operator T, with separable range, such that
T =cl+ T, (Iis the identity operator).

ReEMARK. Note that B = U.v<mlB,-, B, increasing, continuous and separable,
and each B; is a Gurari space. Also B is [;-predual.

The theorem is proved by the following lemma, which contains more
numerical information. We can easily give more similar conclusions to 5.2, and
even phrase the general case (just look at the proof of 5.2(4)).

LEMMA 5.2.  There is a non-separable Banach space B such that:
(1) For any y, € B (i <w,) and ¢ >0 there are i <j such that

y: —yi2li=ly 2+ e

(2) Foranyy, € B(i <w)ande >0andn >0therearei(0)< --- <i(n)< w,
such that

yio— i+ yio+ - + yie)n | =l yiolin + &

@) Ify,zi (i<w)arein B, |y ||=1=|zll|z. -z = 1-1/n (fori#j < w)),
¢ >0, then there are i(1)< --- <i(n)<i(n+1)<--- <i(3n + 1) such that

n 2n
Yign+ny — (Zl )’i(l))/" + (; (— l)lzi(n+1+l)>/n

@) If yi,zo (i<w) are in B, |y:||=1, ¢ a rational number and for i <j,
d(z;,{yi.zi,y;iDZ ¢ ({yi,2;,y;) is the subspace {yi, z;,y;} generate), then for any
even n and € >0 there are i(0)< --- <i(n+1), such that

g (- 1)'2.-(,)

PROOF OF THEOREM 5.1 FROM LEMMA 5.2

5.1(A). Let y; € B (i < wy); if no y; belong to the closure of the convex hull of
{y; :j# i}, then for every i for some n(i)> 0, the distance from y; to the closure
of the convex hull of {y,:j <i}is >1/n(i). As there are only countably many
n(i)'s, for some n, A ={i < w,:n(i) = n} is uncountable. Now {y,:i € A} does
not satisfy 5.2(2) for n +1, contradiction. (Note that we prove that some i
belongs to the closure of the convex hull of {y; i <j < w})

5.1(B). Let B,C B be a closed non-separable subspace, with B/B, non-
separable. Choose n > 2, and then choose by induction on i < w;, z; € B,, so
that ||z;|| =1,

=l/n+e

Iicn/Z—s.

n-1
; (- 1)1)’:'(1)" =l+e

d(zi,{z;:j<i)z1-1/n
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{where (A) is the linear span of A). Next choose by inductionon i < w,, y: € B,
such that ||y:| =1,

d(y,(BU{y;:j<ih)=1-1/n

(possible by the non-separability of B,, B/B; resp.). Now use 5.2(3), and get a
contradiction to the choice of yigay).

5.1(C). For any B,C B let ¢(T,B,)=sup{d(Tx,(B:,x)):x €B,||x|=1}. If
for every separable B,, c(T,B;)>0 we get contradiction by 5.2(4), and if for
some separable B, ¢(T,B:)=0, we can prove 5.1(C).

PrROOFOFLEMMA 5.2.  We shall prove that there is a vector space M* over the
rationals, with a norm, which satisfies the conclusions of 5.2, moreover without
the &. It is easy to check that the completion of M* is as required.

Now we define K as the family of finite-dimensional vector spaces M over the
rationals, which are also norm spaces, where the norm has the form

x| = Max{lf(x)|: f € F}

where F = F,, is a finite set of (linear) functionals, from M to the rationals, and
w.lo.g. |[fll=1 (by the definition |[f[| =1, and if [f[| < 1 we can omit it without
changing the norm). In the proof a functional from M means a rational one.

Fact a. K is a very nice family.

Being a nice family is trivial. For the “very” we first have to find a joint
embedding to My, M, € K. Let N = M, X M, (direct product as vector spaces),
for any functional fo,fi of My, M, resp. (fo.f1), defined by (fo,f)(x,y)=
fo(x)+ fi(y), be a functional of M, X M, with rational values. We let

Fyv = {(fo,f1>3f0€ FMn,fl € FM,}-

So by Fy, N is made into a norm space, and the obvious embedding completes
the construction.

We can do a similar construction for amalgamation M,, M, over M. Let M* be
the subvector-space {(x, — x):x € M} of My x My; let N = Mo X M,/M*. By the
Hahn-Banach theorem, for every functional g of M, ||g||=1and | ={1,2}, g has
an extension g[M;] to a functional of M; of norm = 1; we can assume that g =0
implies g[M,] is 0. Note also that any functional f of M, X M, which is zero on
M*, defines naturally a functional f/M* of N with the same norm.

We let

Fu ={f,(FIM)[M])M*:f € Fu,} U{(fIM)[Mo], /)/M*: f € Fu }.
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We leave the details to the reader.
We shall use the notation here later.
Now let

R ={(M,N,a): M C N both in K, a € N and for some functional f
of N,|fl=1=]al,fIM = Ou and|a|=1}.

Facr b. R is K-very nice.

The only part of Definition 1.2 which is not totally trivial is 1(c), so let
MCMEK,(M,N,a)ER Welet M* ={(x,x):x EM}, N=M'xN/M*, and
as w.l.0.g. the functional f such that f(a)=1=|a|, fIM = Oy is in Fy, and as
(fIM)[N]=0 (because f[M =0), we can act as above.

So let M ™ be the model for which Theorem 1.7 asserts its existence. We shall
prove that M * is as required in Lemma 5.2. In each case we have an uncountable
set I of elements or pairs, and by 1.7 it has a witness. Using it we prove the
requirements of 5.2.

In all cases we are given a witness (M, b) for I. We let k = k(M),

No=Mp=M XM, X - XM, (m times),
M, ={(q:x,...,qnx):x € My, q1,...rationals, =, g; =0},
N, = No/M;,..
Let H: M, —> M7, Hi(x)=(0,...,0,x,0,...,0) (i — 1 zeros, x, m — i zeros) are
the natural embeddings we shall use.
We can assume Fy, is such that O, € Fy,, and for any i < k, there is f; € M,
f(@)=1=lal, fiIM: = O,

Now the crux of the matter will be to define a finite set F of functionals from
M7 to Q, which are zero on M,,, and define for x € N,

x| = Max{(f I M..)(x):f € F}.

What are the requirements on F?

Requirement 1: For every f € F and i €[1, m] for some functional f’ of M, of
norm =1, Hf'= f[Range(H,).
This guarantees that || H;(x)[|=|x ]|

Requirement 2: For every f'€ F,, and i €[1,m] for some fEF, Hf =
fIRange(H;).
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This guarantees || Hi(x)||=||x ||, so, together with Requirement 1, it is shown
that the H,’s are embeddings.

Requirement 3: Forevery i €[2,m], I €[0,k — 1] there is fi, EF, f..(Hi(a:)) =
1, fu(Hi(x))=0 for x €M, and f,,(H(x))=0 for x E M,, j <i.
This guarantees that we get a candidate.

Why do we ignore i =1? Because Requirement 2 takes care of it anyhow.

Note that Requirements 2 and 3 force us to put some functionals into F,
whereas Requirement 1 restricts what functionals we may put into F.

For functionals f; of My of norm =1, f;[ M, fixed, let f={fi,....,fn) be the
following function on My

flxi,...,xn)= Z} fi(x:)
(we do not distinguish strictly between f and f/M ). Clearly f is zero on M ,.

Assumption 4: We shall use only functionals of this form, and this guarantees
Requirement 1.

A particular case is f = (f,...,f). f € Fu,. We always put all those functionals
into F, thus guaranteeing Requirement 2. The set of all such F will be denoted
by Fo,and Fi={f,:i €[2,m]),l €[0,k — 1]} and F, = F — F, U F,. So F, guaran-
tees Requirement 3.

Now we get to the specific cases, corresponding to the parts of 5.2.

PRrOOF OF 5.2(1) FOR M*. So I C M* is uncountable, (M, b) a witness for it.
Welet m =2, F,=0

fz.: = (O,ﬁ).

We want to prove |H,(b)— Hx(b)/2|| = | Hi(b)|/2. It is enough to check that
for every f €F, |f(H1(_b)— Hy(b)12)| = b]12.
Let f € F,. Clearly f = (g, g),

f(H\(b)— Hob)/2) = f(b, — b12) = g(b)- g(b/2) = g(b/2),

so its absolute value is =|gll|6/2]|=1#]/2, as required.
If fEF, f&F, then f = f,, for some I Hence let f>, =(0,f). Therefore

F(H\(b)— Hyb)/2) = f(b,b/2) = 0+ fi(= b/2) = ~fi(B)I2,
so its absolute value is =|fi(B)|[2=|f |2 /2.
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PROOF OF 5.2(2) FOR M*. We let m =n +1, F;=(J, and let

fu={(gin....gM,
(Ow. i#),
gi::=

f, i=]

Let 7 = H(b))— (H(b,)+ - -+ + H(b.))/n. We want || 7| = || b |/n, ie., for every
FEF.|fm)=lbilin._ o
For f € F,, clearly f(r)=0, and for fEF., f=f, and i >1, so

Fr) = 8140)- (3, ¢1u9)) /n =0 g0yin.
So [f(D)|=|g®)ln=|glliblin =|bll/n, as required.

PROOF OF 5.2(3) FOR M*. Let (M,(y,z)) be the witness.

First we show that d(z,M,) (the distance from z to My) is =1-1/n.
Otherwise let m =2, and define F as in the proof of 5.2(1) for M*, so there
necessarily |Hi(z)— Ha(2))] is | fo.(H\(z)— Hx(2))| =|fi(2)| for some [, but as
fil My = Oy, clearly

[f())=|filld(z, Mo) = d (2. Mo).

But by a hypothesis || z: — z; |= 1 — 1/n for i# j, so as (M,(y.z)) is a witness for
{yi,z):i <wi}

|H(z)- H(z)|z= 1 1/n.

So we have really shown d{(z,My))=1-1/n.

Obviously ||lyl|=llz||=1 for even more trivial reasons.

Now let m =3n +1, and define F so that r = 7,—~ 7.+ 7; has norm =1/n
where

n=Ho(y), = =Z H,(y)/n, T3 = (S‘, (— 1)‘Hn+1+1(z)>/n.

We let .= and f, =(gi1,gi1,...,g0) be defined as:

Case a: i#n+1

gliis fi if i = j, and Oy, otherwise.

Case B:i=n+1

As d(z,M,) 21— 1/n, there is a rational functional g of M, gl My = Oy,
g(z)=1-1/n, |gl|=1. Let
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(0, 1=j=n,

i J fla j:n+l,

g =
0, j>n+l, j—(n-+1)even,
| fi(y)'g j>n+l, j—(n+1)odd

Is f.. as required? (See Requirement 3.) Clearly it is zero in the places
required, but is g/, as required in Assumption 4? The only doubtful case is fi(z)g,
but g is rational of norm =1, and f,(y) is a rational number, and as ||y || = 1 (see
above) and f; has norm =1 clearly |fi(y)|=1, so fi(y) is as required.

So let us check that ||7[[<1/n, i.c., for every f €F, |f(r)|= 1/n. For f € F,,
f(r)=0 so we have no problem. So we have to check f,; only.

If i#n+1, case a holds, so

fu(ri— 1+ 73) = ful(m) = fulr) + fu(T).
Now fi,(7))=0 as i# n +1, and from the others only one term is non-zero,
gl(y)n or xgi(z)n,soas||gll=1, |lyll=|lz]|=1 we finish this case.
We are left with the case i =n +1. So

fulr) = fulm) = fu(r) + fua(ms)
=)0+ S 0+ S (< 1Yfy)e()m

leven { odd

=fi(y)1-g@@)=fi(y)(A1 -1 —1/n))= fi(y)/n.

Hence

DI =1flllyllin=1/n

as required.

PROOF OF 5.2(4) FOR M*. So let (M,(y,z)) be a witness for I Just as in the
beginning of the proof of 5.2(3), d(z,(My,y))=c.

We let m =n, fu={(gh,...,gn), gliis fi if i =j and zero otherwise. In this
case F; is non-empty; itis {g}, § =(gi,...,&.), where g is zero for l odd, and is g
for | even, where g is a rational functional of M, of norm =1 which is zero on
(Mo,y), and g(z) = c (exists as d(z,(Mo,y))Z ¢).

Clearly F= F,U F, U F,, and we only have to check that

= (i (- 1)’“H,(y)) and 1= (i (- 1)’“H,(z))

=1 =1

gets the right norm.
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For f€F,, f(r)=f(r)=0 and for fEF, f(r)=(-1)"fi(y) f(r2)=
(= 1)""'fi(2) for some I, so clearly for f € F,UF,

F@l=lyl=1  feI=lzln

Now for f € F;, clearly f(r,)=0, so we can conclude that ||7,]|< 1. On the
other hand, for fe F,

fe)=3 a(2)= 3, 8(2)= (2)f(n) = cnl2.

! even

So clearly || 7.[| = ¢n/2.

§6. Proof of the Main Theorem

PROOF OF THEOREM 1.7.

Stage 1. As O, holds, there is a sequence (I’ :8 < w, limit) such that:

(a) I° is a set of m-sequences from §,

(B) for every m and set I of m-sequences from w,, {8:116 =1°}is a
stationary subset of w,.

Stage II. The induction conditions. We define by induction on a,M,, M,
(n < w) and I', such that the following conditions are satisfied:

(A) (1) M, € K'(No) has universe C w(l1+ a), M, increasing and continu-
ous, |[M, |Nw(1+B)=|M,]| for 8 <a,

(2) S. C w infinite, M, = U,.ESGMﬁ; for n €S, : M} increase with n;
M:.€eK,

B3) a=U,cs, wr, whisfinite, #, increases with n, for B Ewi(n €S,
and) we=w;NB (Vy+1€w) (y Ewy) and 0E€ wy; S, infinite
and for B <a, S; — S, is finite,

4 fornes,, BEwW,.M;C M.,

(5) for a limit, M2 =Ugcus M= M" where y = Maxw?,

6) if a=p+1, B € w; then R(M5, M, bs) (so by € M),

B) (1) ifa=8+1, M,C NE€EK, and N cannot be embedded into M, over
M, then for some k > n (k € S,), N cannot be embedded over M,
into any N'€ K extending M satisfying R(M§,N', az),

(2) ifa =0,M;C N €K, and N cannot be embedded into M, over M,
then for some k >n, N cannot be embedded over M. into any
extension N'€ K of M¥,

(3) if a =0, N€ K, and N cannot be embedded into M,, then for some
k > n, N cannot be embedded into any extension N' € K of M.,



294 S. SHELAH Ist. J. Math.

(4} for every a and triple (No,Ni,a)E R, N,C M., NoEK, N, €K, for
arbitrarily large B > a, there is an isomorphism f from N, over N,
into M., f(a)= bs.

Before we continue to list the conditions, we define, for § = @ < w, (when M3
(B = a, n < w) have already been defined):

W5 ={(N,p,h): N an M;-candidate, p = k(N), h | N, = the identity, h an
embedding of N, into M, ; for some n, for each I < p for
some B, §=B<a, h(a)= b, h(I\_Im) = Mg and
{Bi+1:1<p}=wz—8—{y: for some limit B E w3, y=
Max(w:N B)}};

n{h) will be the n mentioned above.

ReMARK. Note that necessarily 8; < Bi.1.
We say (N,b) is an M-witness if N is an M-candidate, b € N; and

(©) (1) I, is a countable family, increasing with «,

(2) each member of I', has the form (D, 8), § a limit ordinal = « or is
zero, and D a set of M;-witnesses, (V}\_I ')[(1\_1', I;)E D, N=N',
N,CM=> (N',b)ED] and bEN,, N an M,-witness implies
(N,b)E D,

(3) M, satisfies each (D,8)€ET,, which means: for every (N,b) an
M, -witness and p,h and r < w s.t. (N,p,h)e Wg, there is N'= N
and h’ extending h s.t. (N',p,h')E W3 and (N',b)E D, n(h’)=r,

(4) if & is limit and M, satisfies (Ds, 8) (see 3) then (D;,8) €T's, where
D; ={(N,b):(N,b) is an M,-witness and: b € N, or there is no
embedding f of N into M; over N, with f(b)E L},

(5) To={(Do,0)}, Do={(N,b):N a candidate, b € Ny, or for every
N'zN, b& Nigw1}.

Stage II1. Why carrying II suffices. Suppose we have carried the induction. We
let M* = U,,,q,l M, and b., M. has been defined. Let us check the conditions
one-by-one:

(a) We know that M, € K'(No) (by (A)(1)), M, increasing (by (A)(1)). By
(A)(Q2), (A)(6), b. € M,.,— M, hence |M*[|=N,. By the definition of
K'(A) (see 1.3) we finish.

(c) Immediate by (A)(1) and (A)(6).

(d) By (B)(4).
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(e¢) By (B)(1), (B)(3) (for a limit it is automatic as M, is increasing

continuous).

(i By (B)(2), (B)().

So we are left with proving (b). Suppose I, m form a counterexample. So I is a
set of m-sequences from w,, I C M* and there is no witness for (M*,I). Hence
there is a function g whose domain is the set of M *-witnesses (N,b) (I(b) = m),
N=N' where N'=g(N,b), NoCM*, [b€N;>(N"=N")b& Nj] and if
b & Ni there is no embedding f of N’ into M* over N} such that f(b)€E I
Clearly every N” enjoys this property if NiC M*.

Let C ={a < w::(a) @ a limit ordinal, w(1 + a) = a, (b) for every M, -witness
(N,b), NoC M, where N'=g(N,b), (c) for every B<a <y and n<k,
€i,...,C, € M, there is y', B < y' < a, and isomorphism h of M’ onto M7 s.t.
GeEIShE)ET and if wi={g,,...,e,} then wh={ei,...,e1}, e <Bvei<
B> e =c¢i, h maps M onto M}, b, to b.,, and & <pB = h|M; =the
identity}. Clearly C is a closed unbounded subset of o, (remembering there are
essentially N, M, -candidates, as K has only countably many members up to
isomorphism and each N, € K is f.g.).

So for some 8 €C, I* ={b:b € I, b € M,}. Now using g [{(N,):(N,b) and
M;-witness} we see that M; satisfies (Ds, ) (see definition in (C)(3) where D; is
defined as in (C)(4)). Hence by (C)(4) (Ds, 8) E's. As I is uncountable, there is
CEL CEM.

So for some a > 8, ¢ € M,, w.l.o.g. @ is minimal and for some n, ¢ € M.
Wlog &+1,6€w;, and let w,—8—-{B:B a limit ordinal}=
{B:+1,B.+1,...,B +1}. Note that if vy € w} is a limit ordinal then M} = M}
where 8 = Max(w.N y). Of course B, < B, < --- hence B, =8. So

NE (MM, Mot 85, 85,)

is a candidate over M;, and ¢ € N. So with & the identity over Mg, .1, p =k +1,
(N,p,h)E W5.80 ¢ € My, .\, and Bi < a 50 B« + 1= a hence by (C)(3) apply to
(Do,0) (which belongs to I's C I, ); we could have chosen n large enough so that
forno N'= N, b € N. So we can apply (C)(3): there is N’ = N and h’' extending
h so that (N',p,h") € W and (N',¢) € D;. So N = h'(N") (as h is the identity),
(N',b)E D;, and between the definition of D, choice of 8 and C we get a
contradiction.

Stage IV. Suppose everything is defined for 8 = o and we define, for a +1,
I'..1 =T, : there is no problem to define w/., (n < ) as required in (A)(3). Let,
for n €8,
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wo—{8:6 limitor 0} ={e(a,n, 1) +1,...,e(a,n, k., n)+ 1} (increasing),
Nm = <M3, M:(a,n,l)ﬂ seeey M:(a.n,ka(n))+l s Aeqanyy--.>Q e(a,n,ka(n))> .

We define by induction on n, k, € S,, M:,l €K, k, < kn+1, e an embedding of
Ml;t, into MZTI‘ over My s.t. (M’;",M’;,"*,aa) €ER.

Later M, ., is the direct limit of (M.%: n < w) by the ez./’s, M., the images of
M Z By standard bookkeeping in each stage we get a specific requirement (each
appearing infinitely (often) from some condition each contributing N, specific
requirements) and we have to prove that we can fulfill it.

In choosing M. we take care of (B)(4).

(A)(1) will follow from (A)(4),

(A)(2) by the requirements on the induction on n,

(A)(3) is already fulfilled,

(A)(4) by the requirements on the induction on n,

(A)(5) irrelevant,

(A)(6) by the requirements on the induction on n,

(B)(1)-(4) easy,

(C)(1) we have satisfied (I'.i =TI.),

(C)(2) similar to (C)(1).

(C)(3) Suppose (D,8)ET,, and (N,p,h) € W5*', (N,b) an M;-witness. Note
that for each n < w we can list the (N, p, k) for which h embeds N into M7, so
no vicious circle arises. So we are given n, (N,b), (N,p,h) s.t. k embeds N into
Mo, (N, b) an M;-witness.! W.Lo.g. h(a, 1) = b, (otherwise use (C)(3) for a!).

Let wo, —{y:y limit} = {a,...,a,} (increasing) so a, = a +1.

Choose k large enough, k € S,. We define by induction on [ = k(N), N, h}
for | < p such that

(N’,,...,N(’),a,,l,...,ao)é(N,,...,No,a,,l,...,ag%

i extends h N, h} maps N} onto M., where h(a)= h.,. By (A)(6) this is
impossible.

Now we define M',e’, where ¢’ embeds Ml;j‘* into M' over MZ",M';QM’,
R(ML,M',b,) (see Definition 1.2(1)(c)). Then we can define N, and h,D

~1Ue’, h, an isomorphism from N, onto M'. Similarly (by Definition
1.2(1)(c)) we can define N',N =N’ (N} (I = p) are already defined).

*And for some §, (N,p,b)E W;*'; so h[ N, = the identity and for some m
I<p>h(N)E{MT:yeEw, )
h(al)e{by:yewr+l}'
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Now apply (C)(3) for «, h,:, (N,-1,....No,a,-2,...,a0) and get
N" k" n(h"Y=r; n(h")ES.,.

Let k... = n(h"). Extending h" will give us MZf‘I‘ and we have no problem.

(C)(4) Trivial.

(C)(5) Trivial.

Stage V. « limit. Easy.
Stage VI. a =0. Easy.
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